This paper provides an analysis in the time and frequency domain of an RC electrical circuit described by a fractional differential equation of the order 0 < α ≤ 1. We use the Laplace transform of the fractional derivative in the Caputo sense. In the time domain we emphasize on the delay, rise and settling times, while in the frequency domain the interest is in the cutoff frequency, the bandwidth and the asymptotes in low and high frequencies. All these quantities depend on the order of differential equation. 
Introduction
Fractional calculus (FC), involving derivatives an integrals of non-integer order, is the natural generalization of the classical calculus, which during recent years became a powerful and widely used tool for better modeling and control of processes in many areas of science and engineering [1] [2] [3] [4] [5] [6] [7] [8] . Many physical phenomena have "intrinsic" fractional order description and so FC is necessary in order to explain them [9] . In many applications FC provide more accurate models of the physical systems than ordinary calculus do. Since, its success in description of anomalous diffusion [10] [11] [12] [13] non-integer order calculus both in one and multidimensional space, it has become an important tool in many areas of physics, mechanics, chemistry, engineering, finances and bioengineering [14] [15] [16] [17] . Fundamental physical considerations in favor of the use of models based on derivatives of non-integer order are given in [18, 19] . The Lagrangian and Hamilton formulation of dynamics and electromagnetic field in view of fractional calculus has been reported in [20] [21] [22] [23] [24] [25] . Fractional derivatives provide an excellent instrument for the description of memory and hereditary properties of various materials and processes [26] . This is the main advantage of FC in comparison with the classical integer-order models, in which such effects are in fact neglected. Another large field which requires the use of FC is the theory of fractals [27, 28] . The development of the theory of fractals has opened further perspective for the theory of fractional derivatives, especially in modeling dynamical processes in self-similar and porous structures. Fractional-order models have been already used for modeling of electrical circuits (such as domino ladders, tree structures, etc.) and elements (coils, memristor, etc.). The review of such mod-els can be found in [29] [30] [31] . Recently, it has been suggested a fractional differential equation that combines the simple harmonic oscillations of an LC circuit with the discharging of an RC circuit. The behavior of this new hybrid circuit without sources has been analyzed [32] . In the work [33] the simple current source-wire circuit has been studied fractionally using direct and alternating current source. It was shown that the wire acquires an inducting behavior as the current is initiated in it and gradually recovers its resisting behavior. In this paper, in the framework of fractional calculus, we are interested in the analysis of the time delay, rise time and settling time of an RC circuit. Also, in the frequency domain the interest is in the cutoff frequency, the bandwidth and the asymptotes in low and high frequencies.
Preliminary
In this work we use the Caputo's definition of the fractional derivative [4] 
where γ ∈ R is the order of the fractional derivative and
and Γ(·) is the Euler Gamma function. We consider the case = 1, then, 0 < γ ≤ 1, i.e., in the integrand (1) there is only first derivative. The Caputo's definition of the fractional derivative is very useful in the time domain studies, because the initial conditions for the fractional order differential equations with the Caputo derivatives can be given in the same manner as for the ordinary differential equations with a known physical interpretation. The formula for the Laplace transform of the Caputo fractional derivative (1) has the form [4] 
where ( ) is the ordinary derivative. The inverse Laplace transform requires the introduction of the Mittag-Leffler function, which is defined as
where Γ(·) is the Gamma function. When β = 1, from (3), we have
Therefore, the Mittag-Leffler function includes the exponential function as a special case.
Fractional RC circuit
The differential equation for the RC circuit showing in the Figure 1 is given by
where ( ) is the charge in the capacitor measured in Coulombs, R is the resistance in ohms, C is the capacitance in farads, E( ) is the source of excitation in volts and is the time in seconds. Assuming, for transient analysis,
that E( ) = u( ) where u( ) is the unit step function, we can write the equation (5) in a dimensionless form.
The equation (6) may be written as
where¯ (¯ ) = (¯ ) C is the voltage on the capacitor of the parallel plates type. Equation (7) is dimensionless, then its corresponding fractional differential equation is obtained directly changing the order of the derivative. It has the form d
where 0 < α ≤ 1.
Solution and analysis of the RC circuit in the time domain
Using the formula (2), the solution of the equation (8), with 0 = 0, has the form
where¯ = RC . Applying the inverse Laplace transform, equation (9) takes the form (10) where we have returned to the starting variables R C . In the Figure 2 we show some value of α. To say that a RC circuit has been analyzed in the time domain, is required to determine its response in time indicating the most important times in which certain conditions are satisfied. Here are the definitions of these times to a system of order one.
1. Delay time: is the time it takes the response to reach 10% of its final value.
2. Rise time: is the time taken for the response to go from 10% to 90% of its final value.
3. Settling time: is the time at which the response reaches 98% of its final value.
To make this analysis we need a test function. For simplicity, we take the unit step function u( ). Using (10) and the settling time definition, we have
and ( ) means the -th iteration of the Newton-Raphson method.
In Figure 3 is plotted the settling time¯ for 0 17 ≤ α ≤ 1. From the graph can be seen that as the order of the fractional derivative α tends to zero the settling time tends to infinity, that is, the settling time decreases with increasing the order of the fractional derivative, likewise, the settling time sensitivity regarding the order of the derivative also decreases. 
In Figure 4 is plotted the time delay¯ para 0 14 ≤ α ≤ 1. From the graph we can see that as the order of the fractional derivative α tends to zero the time delay tends to zero, that is, the time delay decreases with the decreases In Figure 5 it is shown the rise time of the RC circuit as the order of the derivative varies from 0 11 to 1 0. As can be seen, the rise time increases as the order of the derivative decreases, becoming both more sensitive. 
Analysis of the RC circuit in the frequency domain
In order to analyze the RC circuit in the frequency domain we use (9) multiplied by¯ to obtain
The graphs representing the response in the frequency domain are the Bode plots, but also can be used the Nyquist or Nichols plots. We use the Bode plots for the magnitude and phase. Bode plots of magnitude and phase are constructed from the relation
From (16) we obtain the following two equations, from which the Bode plots are constructed
arg
From (15) 
arg 
In Bode diagrams, the frequency response to the magnitude and phase of the RC circuit are shown in Figure 6 and Figure 7 . From these plots, it can be see that for the case of the magnitude response, Figure 6 , the slope of the high frequency asymptote decreases as the order of the derivative decreases and the cutoff frequency moves to the left. In the case of the phase Figure 7 , it is noted a very large variation of the phase of the frequency rupture as the order of the derivative decreases.
In Figures 8 and 9 show a graphical behavior of the cutoff frequency and phase respectively as it varies α from zero to one.
Conclusion
In this paper we have studied the behavior of an RC electrical circuit in the framework of the fractional calculus. The explanation about the settling, delay and rise times has been analyzed, while in the frequency domain the interest is in the cutoff frequency, the bandwidth and the asymptotes in low and high frequencies. We conclude that; the settling time decreases with increasing the order of the fractional derivative, likewise, the settling time sensitivity regarding the order of the derivative also decreases. The rise time increases as the order of the derivative decreases, becoming both more sensitive. The time delay decreases with the decreases of the order of derivative, likewise, the delay sensitivity of the order of derivative increases with decreasing order of the derivative.
In the frequency domain we have that the slope of the high frequency asymptote decreases as the order of the derivative decreases and the cutoff frequency moves to the left. In the case of the phase, Figure 7 , it is noted a very large variation of the phase of the cutoff frequency as the order of the derivative decreases. From the behavior in the time domain is evident the effect that the order of the derivative can have on clock systems and semiconductors circuits. On the other hand, in the steady state behavior is observed the reduction in the bandwidth having as consequence a lower data transmission capacity.
We hope that this way of dealing with fractional electrical circuit can be found applications in the power electronics, communication theory, control theory. Also in the modeling of cells seen as an electrical RC circuit.
